
MEASURB A NO JNTEGTI.ATION 2018- 2019 FIN AL EXAM 
1 m,t,ru ctor: ))an iel Valcsin 

1. [15 points] Civc an cxamplc of a Dynkin systcm LhaL is noL a O"-algebra. 

2. [l 5 points] Show LhaL if .f : 1R > IR is Lipt.chil:;, conLinuous (that is, there exists c > 0 such 
th at. l.f (:i;) J(y)I < cl:r: ui for any :E, y) and ./1 c IR has m*(A) =- 0, then m*(j(A)) = 0 
(here m • denoLc:; Lhc Lebesgue outer mcasure on IR) . 

'.L [J 5 points] gvaltmLc 
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'1 . [15 points] Prove LhaL Bm 0 Bn Bm ln (here B,1, denoLes Lhc Borcl O'-algebra in JRd). 

,,. [15 points] Let (n , A, 11,) be a mcasurc spacc and ./ E .U(O) , wiLh 71 E (1, oo). Let q be the 
conjugate exponent of pand definc 

J,': .C1(0) > JR! , /11 (_q) l Jg clµ . 
./n 

Show Lhat P Î8 a bounded lincar funcLion al. Show Lhat IIFII - 11.f lip• 
6. (a) [8 points] Prove or give a counterexample to the following statement. Let (0, F) be a 

measurable space and µ, v be IT-finite rneas ure:; on F with JJ, « v . Then, for any é > 0 
therc exists 8 > 0 such thaL, if A E F has v(A) < 8, then µ(A) < € . 

(b) [7 points] Let f : IR -+ lR be non-ncgative and intcgrable (with respect to Lebesgue 
mca.c:, ure) . Let. 

P(:.r;) I: J(I, ) dl , - oo < :,; < 00 . 

Show thaL for any é > 0 thcrc cxisLs ~- > 0 such t hat, for any n E N and any real numbers 
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